Duality and Decay of Macroscopic F-Strings 
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We study the decay of a string of arbitrary length L ^ ya' , labelled by {n,m\\n,\m), where 
n,m correspond to left- and right-mover harmonics and An, Am to polarisation tensors. Using the 
recent coherent vertex operator construction of Hindmarsh and Skliros, we show that the decay 
rates and mass shifts of vertex operators (n, tti; A„, Am) and their "duals" (n,m; A„, Am) are equal 
to leading order in the string coupling, implying for instance that decay rates of epicycloids equal 
those of hypocycloids. We compute the power and decay rate associated to massless IR radiation for 
the trajectory (1, 1; Ai, Ai) and its dual, and find that it is precisely reproduced by the macroscopic 
string effective theory of Dabholkar and Harvey. Guided by this correspondence, we conjecture the 
result for arbitrary trajectories (n, m; An, Am) and discover a curious relation between gravitational 
and axion plus dilaton radiation. It is now possible to start exploring string evolution in regimes 
where a low energy effective description is less useful, such as in the vicinity of cusps. 



There has been growing interest in the properties of 
macroscopic and/or excited string states, e.g. in the con- 
text of collider physics [l|, ^ when the string scale is in 
the TeV range, as a probe of black hole physics [3[ , and in 
higher-spin gauge theories [J] [2| , where an intriguing sug- 
gestion is that massive Regge excitations may arise from 
spontaneous breaking of a higher-spin gauge symmetry. 
In what follows, we draw our main motivation from yet 
another arena, the phcnomenologically interesting possi- 
bility of cosmic superstrings [5|, |6| . Despite the model de- 
pendence of the resulting spectrum (there are D-strings, 
F-strings, wrapped NS5- and Dp-branes, of various ten- 
sions, etc.), the infinite tower of degrees of freedom may 
generically be expected to play a pivotal role when su- 
perstrings are stretched to macroscopic sizes [7H10[, pro- 
viding the perfect context to probe stringy physics |6| . 

Total and partial decay widths of macroscopic and/or 
excited strings largely determine their phcnomenological 
relevance at low energies. Most massive closed string 
states are unstable and decay llMl6j ISl . llOj , typical de- 
cay rates being (when massive radiation is negligible), 
r ~ GofJ-'^iM/n)^-^, with Gd Newton's constant in D 
non-compact dimensions, /i = l/(27ra') the string ten- 
sion and M the mass of the decaying string. The asso- 
ciated lifetime is, t ^ {Gd^)~^{M/ ^)'^~^ , and so low 
GUT scale strings the size of a galaxy, the solar sys- 
tem, or an atom would survive r ^ 10^^ y, 10^ y, and 
10 ps respectively in Z) = 4. There are also more sta- 
ble near-BPS trajectories (see e.g. [14|) and approximate 
non-renormalisation theorems [16|. Stable BPS states 
in turriprovide a window into non-pcrturbativc physics 
jl7| [71, |8|, |20[ . One can also learn about D-string decay 
at strong coupling by studying F-string decay at weak 
coupling, see e.g. |9|, whereas a handle at finite string 
coupling may also be within reach |2l| . 

Once formed, unstable strings provide a source of ra- 
diation that generically is strongly anisotropic 22M24l|. 
Given a large enough sample of such strings, a classical 



analysis (which however neglects radiative backreaction 
J25l | and massive emission) shows that we may be able to 
observe this radiation in the form of gravitational wave 
bursts 2J], or cosmic rays, see e.g. [g, and so predicting 



the precise spectrum is crucial. 

Below we study the decay of highly excited fundamen- 
tal string loops. Traditionally, these are described in 
a mass eigenstate basis, and calculations almost exclu- 



sively |lll-ll6l Il8l . |19| focus on leading Regge trajectory 



states which do not exhibit generic features (such as non- 
degenerate cusps [26|). Although physical vertex opera- 
tors for arbitrary mass eigenstates are known [10|, they 
are not a natural basis for highly excited strings as the 
resulting amplitudes generically become unwieldy. Below 
we show that a coherent state basis [27|, a complete set 
of which was constructed in [lO| , is much more natural. 
For worldsheet embeddings X*^ : E -^ R^-i'i x T^^-^, 
in a fiat string background, Gmn = "Hmn, with vanish- 
ing Kalb-Ramond 2-form B^2) = and constant dilaton 
$ = $0 (with string coupling e*" ^ 1), we consider the 



coherent vertex operators [10|, |27| : 



0{z,z) — -.C ds cxp 
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(1) 
The polarisation 
tensors, AJj, span a R^~^ subspace. 0{z,z) will be a 
(1,1) conformal primary [33[ when [10| A^j = A„ • g = 0, 
p^ = 2p ■ q = 4/a', and q^ = 0. (Identical remarks hold 
for the anti-chiral half, A'„.) 

We define D", = J2r=i ^77=^ d^ , with 5,„(a,) ele- 
mentary Schur polynomials [4l| and Os = —-^inq-d'^X{z), 
and likewise for the anti-holomorphic quantities [lO| . The 
operator-product expansion (OPE}j_^C'^(z, f) • 0(0,0] 

ah/ 



fixes the normalisation [42| and unitarity [2 



sets ylirgD) ~ SttGd- 



The momentum expectation value of 0{z, z) is (p^) 



P' 



Fq^\ 



with 



An I = I Am I- We work throughout in 
the "rest frame" [10|, (p^) = M S%, with M = ^L the 
invariant mass. The string length, L, is then determined 
from the Virasoro constraints, L = A.-nyJ a! P — a' . 

When i? ^ 1, rest- frame vertex operators ([T]) are in one- 
to-one correspondence with classical string trajectories 
Hi, X^ = (X°,X%X^-i,X"), where X° = -iMln 



2Z, 



X' 



^(K 



a: 



-(a; 



A! 
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(2) 
0, which are closely related to the tra- 



and X" = X^-^ 

jectories in [23[; here a' = 2. The indices fi = {0,i,D— 1) 
and a span M^^^'^ and 2^26-1) respectively. When the 
polarisation tensors satisfy the aforementioned relations, 
the equations of motion, dzdgX'^ = 0, and constraints, 
(dzX)"^ = (dgX)^ = 0, are satisfied. For general har- 
monics, 71, 771, with greatest common divisor g, denoted 
by [ti, m] = g, there exist unique relatively-prime posi- 
tive integers, u, w, such that n = gu and m = gw, with 



[u,w] = 1. Redefining z,z — ?► 



we learn that loops 



distinguished by different values of g (with u, w fixed) 
are self-similar: increasing the "winding" number [43| g 
decreases their size, '^ L/g, their shape remaining fixed. 

Given a set of trajectories (ri, 77i; A„, Am), the distinct 
trajectories (?i,7n; A„, A*„) are also physical and we call 
the latter dual trajectories. 

To visualise some of the trajectories captured by, 
0{z,z), consider the D = 4 case. Here we can always 
pick a coordinate system such that A„ 

" ^"" r. 

gular momentum is [lfl| (J"^^) = ^(^ 
giving rise to leading Regge and various "sister" trajecto- 
ries. When i ^ 1, the r77is radius of these strings is [lOj : 

L 



-^£(yi + iy) and 
Am, = -7^ i(—x + i cos ij} y), provided i/j = or tt. The an- 

^)(^A'/2 + 2), 



n = 



1 -I- 1 



^^^^(1 -I- cost/') cos 



AttuX" 



Tra- 
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jectories self-intersect if both u,w > \ [23[. We label 
solutions by (n, 771; -0), with two subclasses: (71, m; 0) and 
(n,77i;7r). If 7?i is a divisor of n (i.e. q = m), {n,m\{)) 
are epicycloids (with n/m~ 1 cusps 4J]) and (7i,7n;7r) 
hypocycloids (with n/m+ 1 cusps), the two being dual in 
the above sense. The simplest example of the former is a 
pulsating circle, (1, 1; 0), followed by a rotating cardioid, 
(2, 1; 0), etc., whereas the simplest example of the latter 
is a rotating folded string, (1, 1; tt), followed by a rotating 
deltoid, (2, 1; tt), etc., and similarly for g = n. In D = A, 
all trajectories except (71, n; 0) have permanent cusps; in 
D > 4, if A„ • A*j and A„ • Am are either real or imaginary, 
cusps generically appear at discrete instants [38[. 

Decay rates may be extracted from the imaginary part 
of two-point amplitudes |lll4la | , T = jjlmAd. The am- 
plitudes M are in turn obtained by integrating over com- 
plex moduli, r, and vertex insertion points, z, of a com- 
pact Riemann surface, and over matter, X, and &, c ghost 
contributions 30|, |3l|, |33|. When strings in the loops go 



onshell, they can appear in final states. In the usual ap- 
proach Ill4l6l|. dependence on the loop momenta is not 
manifest, and so one does not have a handle on the fre- 
quency and isotropy of the emitted radiation. We bypass 
this obstacle by considering instead the fixed (A-cycle) 
loop momentum amplitude [30[, A^(P), defined (at genus- 
1) by A^ = / ,'^Fn M{F), in terms of which, 

1 f d^T 
fxL 



r 



IvaMi 



(3) 



(27r)^ 

The total power emitted, P, is in turn obtained by means 
oidP = P^dr. The quantities of interest will be the decay 
rates, dT/d^gD-2, and power emitted, dP/dflgo-2, per 
unit solid angle. We extract the contribution associated 
to decay channels of interest by factorizing A4 (P) on the 
corresponding poles, e.g. P^ = for massless radiation. 

It is worth emphasising that the fixed-loop momenta 
amplitudes, A^(P), are also more natural than their in- 
tegrated manifestations, Ai, in light of a chiral splitting 
theorem [29|, and this will play an important role below. 

To determine A^(P), note that the ghost contribu- 
tion amounts to an overall factor |7;(r)|'*; with rjir) the 
Dedekind eta function (SOJ. We then extract A^(P) by 
inserting a momentum-conserving delta function into the 
path integral which only allows strings of momentum 
P = fi <fy^{dX — dX) to propagate through the loop [45|, 

1 



i*^(0)X(P) 



d'^z 
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SA'^i3(-p _ ]p)c)t(2, z)0{z', z'), 



(4) 



with 



fixed. 



Our gauge slice choice leads to a 
moduh space \4^ Mi = {|t|2 > 1, -i < Rer < 
i, Imr > 0} and S = C/(Z + tZ), with metric ds^ = 
dzdz. The remaining Z2 isomctry leads to the fac- 
tor of 1/2 in (j4]), although the overall normalisation is 
fixed by unitarity [32|. The Euclidean string action is, 
Sx = A*/s d^zdzX^dzX^S^i,, and Hermitian conjugation 
in 0\z,z) takes (p'', g^; A„, Am) ^ [-p^' ,-q^;\n.Ka) 
in©. 



We use point splitting to integrate out X [3J] . Paying 
careful attention to the combinatorics and normalisation, 
the chirally-split 129| two-point coherent state amplitude 
reads 13611: 



M{f) = 



^ 2 



d\ 



Ml 



d^Z 



ifs J"„(z|t) J"m(z|T), 

(5) 



where, writing Fay's prime form [30] 'as E ~ E(z,w), the 
chiral half reads, 



J^n{z\T) 



X exp 



x/n 2e- 



-2-!riP-p(z-w) 



C77(T)-24e--P^£;-P e- 



,{ 



'^1 



(6) 



A„|e''*-"«(^-"')27r£;"5„_iy 



The quantities Sn-e, ^" are equal to Sn-e, D^ above, but 
nowas = ^d'^{\n\E\'^-4TTF-qlm{z-w)). The/o(2x)arc 
modified Bessel functions. The integers K,W £ 1?^^^ 
are momentum and winding modes of A-cycle strings as- 
sociated to T^^-^. The momenta are P° = (f)" + ^^^^ 

IKY _ {WRY 



and 



where x° 



27ri?". 



The anti-chiral half, Jvi(z|r), is in turn obtained by 
complex conjugation from J>i(z|r) and the replacements 
(n,A„,P)^(m,A,„,P) ^. 

The normalisation of ([5|) has been fixed by unitarity 
j3a |: we factorize ImA^(P) on two tachyon poles, take 
£ — )■ 0, and relate [S^ this to the modulus squared of the 
three-tachyon amplitude [28[, Mttt = ^TigD/oi' . 

Notice that ([5]) is invariant under (n,TO, A„, A^) -^ 
(n, TO, A„, A^), a powerful (albeit tree- level) statement re- 
lating decay rates (and mass shifts) of distinct states, 



dV 



dnc 



dT 



,A„,A„,) 



dfl. 



{n.m.XmX'^) 



(7) 



so for instance, in D = 4, decay rates of epicycloids 
{gu,g;0) and the dual hypocycloids {gu^g;!:)^ remark- 
ably, are equal, for all g,u £ Z+. This also generalises 



J 



the observation of lengo and Russo [l5[ , that decay rates 
of pulsating circles and folded strings are equal, and re- 
mains true (at one loop) for all vertex operators, 0{z, z). 

As an example, let us compute ^ explicitly for mass- 
less radiation for the trajectory (1, 1, Ai, Ai) and its dual 
(l,l,Ai,A*). The integrand of ([5]) consists of a linear 
superposition of terms |e2"(^-^)|P'+™?|e2"^|(fe-P)'+"2'^ 
there being a sum over onshell masses, m\, rn^, of states 
that propagate in the loop, and over mass eigenstates of 
momentum k = p — aq, with a = 0, 1, 2, ... , of which 
the decaying coherent state is composed. We search for 
branch cuts in the complex k'^ plane, the discontinu- 
ity across which yields an imaginary part, ImA^(P) [35|, 
whereby we analytically continue back to Minkowski sig- 
nature. Only the ml = and m2^ = terms contribute 
to massless radiation. We write the associated onshell 
_D-momentum of the radiation as P^ = P''(1,P^) with 
p2 = 1. Omitting the details of the computation j36| . 
in the IR region of the emission spectrum, P" ^ fiL, 
the resulting series can be resummed , leading precisely 
to the following expression for the power per unit solid 
angle in a direction P into massless radiation of energy 
F° = AnNuivg/L, with A^ = 1, 2 . . . : 



dP, 



N 



dfl 



Sn-2 



™..o= W^(^^)"'"^^"^^'[^'^-^^"^'^' '"'^ ^ 



J'%^{NuV2\F ■ A„,|) + [-|P • A,„r2 _ iyi^{NuV2\¥ ■ A„,|) 

I 



M 



with u,w,g = 1, A„ = ^A„, Am = i^m, and 6 = 0. When 
i5 = 1 the above yields a decay rate (drjv/rfi^5D-2, prob- 
ability per unit time per unit solid angle that a massless 
particle of energy P'^ is emitted in direction P). We con- 
jecture that (|S]) hold for arbitrary non self-intersecting 
trajectories (n,77T,; A„, A„j) provided perturbation theory 
remains valid. (Integers u,w,g are defined in terms of 
n,m above.) 

The L dependence, F ~ Got^^L^^'^ g^^^ ^ agrees with 
|12| in D = 10. When massless radiation is the dominant 
decay channel, the L dependence of the total lifetime, 
r ~ {GD^'g)~2,i.L/g)^~^, is in agreement with [18[ in 



_D = 10 and [371 in _D = 4, but see also [11|. 



S, 



off 



IQttGd 



-Ge-'^(R{D) 



4(V$)- 



Thc characteristic cusp signal [22, |2J] comes from the 
region ^/2|P•A„| = V2\F-Xm\ = 1, which for large N leads 
to dPN/dVlsD-2 ex {Nuw)^~^-\^f'^g'^-'^-\ general- 
ising the D = 4 result [111, dPNldVts2 oc N^"^/^. In 
particular, for D = 4 the explicit polarisation tensors 
are given below ^ . We then write F" = sin 9 cos ipic + 
sin sin (^y + cosflz in (|5]), from which -\/2|P • A„| = 
-\/2 1 P • A„i I = sin 6* , with G [0 , tt] - the radiation is axially 
symmetric about the z axis. 

Remarkably, ^ (with (5 = 0) is precisely equal |38[ to 
the power per unit solid angle associated to G + B + ^ 
emission, as derived from the followingcffectivc action in 
the absence of radiative backreaction [7|, |8|, |39| : 



12 



H, 



(3) 



1 / dX^'hdX''{G,,, + B^,) 



(9) 



In particular, we perturb around the string background, G^i, ~ rj^^, + h^y, B^y ~ 6^1^ and $ 



$n 



5, m 



® 



and evaluate the source term on the trajectories ([2]). The 
power is extracted from the energy-momentum, T0+S+*' 
carried away from the string source by the perturba- 
tions /i^ii/,fop,y and 4>, according to [2j,|40l dP/dVlsD-2 = 
(r^~^]P"TQY_B+*)' with r the distance to the observer. 
The averaging is over spacetime regions much larger than 
the wavelengths under consideration [40|, and the result- 
ing expression is precisely ^ (in both the string and 
Einstein frame [48|, the two being related by G^i^ = 

g40/(D-2)gE^) 

The power into gravitational waves, in D = 4, was 
computed in [231 , and for Z) > 4 in [38[. Let us write 
O = (n,TO, A„,Am), = {n,m,\n,Ka)- Intriguingly, 
the power into massless radiation equals the sum of the 
gravitational wave results [23| for the dual trajectories. 
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dn 
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dn 



(10) 



dP\0 

dn \g 



dP\^ 
(in \b 



dP\0 
do 1$ ■ 



where we note that 45 1 , „ 

To conclude, we have constructed the two-point am- 
plitudes ([5]), associated to coherent vertex operators 
([T]), labelled by quantum numbers (n, m,An,Am), in D 
non-compact dimensions. There is an invariance under 
{n,m,Xn,Xm) -^ (n, m, A„, A*J, implying a symmetry 
([7]) (and (|10p ). This is possibly broken by higher loop 
effects: the quantity (P/ • X*JV^ fui (Pj • A„)X>2, /"'wj 
that would appear in the argument of the Bcssel function 
in ([6]) when /i > 1, with w/ (/ = 1, . . . , /i) the holomor- 
phic abelian differentials of the genus-/i Riemann surface 
and Pj the momentum through the A^^ homology cycle 
[30|, is only invariant when h = 1. 

We have derived the power and decay rate ([5]) as- 
sociated to massless IR radiation for the trajectories 
(l,l;Ai,Ai), when backreaction is neglected, and find 
that the result can be precisely reproduced by a low en- 
ergy effective theory [7|. We conjecture the result for 
general (non self-intersecting) trajectories [n^rn; A„, Am), 
provided perturbation theory remains valid [49f . 

The coherent state basis and fixed-loop momenta ap- 
proach is seemingly very efficient for covariant string cal- 
culations, and makes it possible to start exploring stringy 
effects (such as cusp emission [2J] and the effects of mas- 
sive string modes) that arc hard to capture with a low 
energy effective description. 
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Elementary Shur polynomials, Sm{as), are defined by the 
generating function J2m=o Sm{as)u"' = exp^^j a^ u" . 
Here, C'^ = 5^^ ^f^ |f exp (e'-^) exp (e'^^^^^). 
In terms of the compactification volume, go 
Notice that ([2]) is invariant under g 



<7 + 1, up to a 
rescaling of L and a worldsheet reparametrisation. Fur- 
thermore, M ~ gTZ/a' , which is characteristic of winding 
modes; here TZ is determined by the string dynamics. 
A cusp is a point on E at which the determinant of the 
embedding metric vanishes, dzX ■ d^X = 0. 
We use a canonical intersection basis [301, defined such 
that §.dz = 1, f dz = T, with identifications 2 ~ 2 -I- 1, 
z ~ z + T and r the modulus of the torus 
Our measure conventions are d^z = idz A dz, d^r = idr A 

dt, /0((5X)e-^'^-'''''"^(''-^)' = 1 and ds = ds/{27v). 
The momenta are to be assumed real, but may subse- 
quently be analytically continued to the complex plane. 
There is an interesting story here: in the string frame 
dilaton radiation vanishes, whereas the gravitational ra- 
diation is correspondingly larger [3g|. 
In Z) = 4, string loops (n, tti; A„, Am) will remain 
larger than their Schwarzchild radius if min(n, m) <^ 
(87rG4/i)^^; for low GUT scale strings, min(7i, 7n) <^ 10*^. 



